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ON THE PROBLEM OF SEMIINFINITE BEAM
OSCILLATION WITH INTERNAL DAMPING*
Rostyslav O. Hryniv
Moscow State University, Russia
Abstract. We study the Cauchy problem for the equation of the form
(*) u¨(t) + (αA+ B)u˙(t) + (A+G)u(t) = 0
where A, B, and G are operators in a Hilbert space H with A selfadjoint, σ(A) =
[0,∞), B > 0 bounded, and G symmetric and A- subordinate in a certain sense.
Spectral properties of the corresponding operator pencil L(λ) := λ2I +λ(αA+B) +
A+G are studied, and existence and uniqueness of generalized and classical solutions
of the Cauchy problem are proved. Equations of the type (*) include, e.g., an abstract
model for the problem of semiinfinite beam oscillations with internal damping.
This article is based on the lecture delivered at VII Crimean Autumn Mathemat-
ical School-Symposium on Spectral and Evolutionary Problems, Crimea, Ukraine,
September 18–29, 1996.
Introduction
The aim of the present article is to study some class of differential equations and
corresponding operator pencils in a Hilbert space, which provide abstract models
for many problems in elasticity theory, hydrodynamics, control theory etc.
Consider, for example, a visco-elastic semiinfinite beam placed in viscous external
medium. Its small transverse oscillations are described in dimensionless coordinates
by the equation (cf. [P1])
(1) α
∂5u
∂t∂x4
+
∂4u
∂x4
+
∂
∂x
(
g(x)
∂u
∂x
)
+ β(x)
∂u
∂t
+
∂2u
∂t2
= 0, x > 0, t > 0.
Here u(x, t) is the transverse displacement of the beam at point x and time t;
α > 0 is a small parameter specifying internal damping, β(x) determines external
damping, and g(x) describes tension force distribution.
Suppose for simplicity that the left beam end is clamped, i.e. that u(x, t) satisfies
the boundary conditions
(2) u(0, t) =
∂u(x, t)
∂x
|x=0= 0,
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and let at the moment t = 0 the profile and velocity of the beam are
(3) u(x, 0) = ψ0(x),
∂u(x, t)
∂t
|t=0= ψ1(x).
We will represent the initial boundary-value problem (1)–(3) as a Cauchy prob-
lem for an abstract equation in the Hilbert space L2(0,∞), and then will study the
latter by means of unbounded operator theory and operator pencil theory. (See
also [P1] and [H1] for some related results.)
1. Abstract differential equation and operator pencil
Problem (1)–(3) can be written in the form of
u¨(t) + (αA +B)u˙(t) + (A+G)u(t) = 0,(4)
u(0) = ψ0, u˙(0) = ψ1,(5)
where u(t) is a function taking its values into the Hilbert space H := L2(0,∞),ψ0,
ψ1 ∈ H, and A, B, and G are linear operators in H defined by the equalities
1
(6)
(Ay)(x) = yiv(x),
(By)(x) = β(x)y(x),
(Gy)(x) = (g(x)y′(x))
′
,
D(A) = {y ∈W 42 (0,∞) | y(0) = y
′(0) = 0},
D(B) = H,
D(G) = D(A).
Suppose that the functions g(x), g′(x), and β(x) are real, measurable, and es-
sentially bounded; moreover, g(x) and β(x) belong to “the class K” ([B]), i. e. there
exists a number a > 0 such that
lim
x→∞
∫ x+a
x−a
|g(s)| ds = 0, lim
x→∞
∫ x+a
x−a
|β(s)| ds = 0.
Then the operators A, B and G possess the following properties:
(H1) A = A∗ > 0, the essential spectrum of the operator A coincides with the
semiaxis [0,∞);
(H2) B = B∗ > 0 is bounded and (A + I)-compact in the sense of quadratic
forms (cf. [B],[RS]);
(H3) G is symmetric, A1/2-subordinated, i.e. |G| 6 g0A
1/2+g1I for some g0, g1 >
0, and (A+ I)-compact in the sense of quadratic forms.
In the sequel we will study abstract Cauchy problem (4)–(5) in the Hilbert space
H under hypotheses (H1)–(H3) on the operators A, B and G only, and will not
exploit their concrete form (6) untill section 4.
Let there exists a solution to equation (4) of the form u(t) = eλty with λ ∈ C
and y ∈ H. In order to find all such λ and y we get the spectral problem
[λ2I + λ(αA+ B) +A+G]y = 0
for the quadratic operator pencil
L(λ) := λ2I + λ(αA +B) +A+G
in the Hilbert space H.
1D(T ) denotes the domain of the operator T .
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2. Spectral properties of operator pencil L(λ)
Behavior of solutions to equation (4) depends heavily on the structure and lo-
calization of operator pencil L(λ) spectrum, and so in this section we will briefly
discuss some spectral properties of L(λ).
First recall that the spectrum σ(L) of the pencil L(λ) is the complement in the
complex plane C to the set ρ(L) of all regular points; here λ0 ∈ ρ(L) iff the operator
L(λ0) is boundedly invertible and the inverse operator L
−1(λ0) is defined on the
whole space H. We distinguish in σ(L) the point spectrum
σp(L) := {λ0 ∈ σ(L) | KerL(λ0) 6= {0}} ;
and the essential spectrum
σess(L) := {λ0 ∈ σ(L) | the operator L(λ0) is not a Fredholm one} .
Any number λ0 ∈ σp(L) is called an eigenvalue (EV), and any nonzero vector
y0 ∈ KerL(λ0) is called a corresponding eigenvector of the pencil L(λ).
2.1. Essential spectrum. Let O denote the circle of radius 1/α with centrum at
the point −1/α and J denote the interval (−∞,−1/α].
Theorem 1 ([H1]). The essential spectrum σess(L) of the pencil L(λ) coincides
with the set O ∪ J .
2.2. Nonreal eigenvalues. Let Π− := {z ∈ C | Re z < 0} be the left half-plane
and numbers2 b+ and b− (g+ and g−) denote the upper and lower bounds of the
operator B (of the operator G, respectively). Note that due to hypotheses (H1)–
(H3) we have the inequalities ±b± > 0 and ±g± > 0; moreover, b− = 0.
Lemma 2. All the nonreal EV’s of the pencil L(λ) belong to the set Π− ∩M ∩R,
where M is the set3
M := {λ ∈ C | |λ+ 1/α|2 6 1/α2 + g1 +
√
−2 g0Reλ/α}
and R is the ring4
R := {λ ∈ C | r− 6 |λ− 1/α|
2
6 r+}
with the numbers r± determined via the operators A, B, and G. In particular,
if the operator G is bounded above (below), then we can put r+ :=
1
α
√
1 + α2g+
(respectively, r− :=
1
α
√
1− αb+ + α2g−).
Proof. The assertion about Π− and R (as well as the choice of r±) was proved in
[H2]. Next, it was shown in [H1] (cf. also [P1]) that for any γ > 1/α all the nonreal
EV’s are contained in the set Mγ := {λ ∈ C | |λ+ γ|
2 6 γ2 − g1 + g
2
0/4(γα− 1)},
and the intersection
⋂
γ>1/α
Mγ is easily seen to coincide with the set M .
2Some of the numbers b± and g± may equal ±∞.
3The numbers g0 and g1 were introduced in hypothesis (H3).
4Which can degenerate into a disc or a point.
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2.3. The spectrum in the right half-plane.
Lemma 3. The nonzero spectrum of the pencil L(λ) in the closed right half- plane
consists of the real isolated EV’s; their number κ1(L) counted according to multi-
plicities equals5 ν(A+G), the total multiplicity of negative spectrum of the operator
A+G.
Proof. It is a corollary of proposition 6 in [LSY]. Similar result was also proved in
[LS] and [P2].
Corollary 4. The point λ = 0 is an accumulation point of real EV’s of the pencil
L(λ) from the right iff ν(A+G) =∞.
Note that for concrete differential operators (6) the quantity ν(A + G) can be
easily estimated from above, see section 4.
2.4. Accumulation of real EV’s at the points −1/α and 0. Let for k > −1/α
a number ν(k) denote the total multiplicity of negative spectrum of the operator
L(k).
Lemma 5 ([Hr1]). Suppose that ν(−1/α) = ∞ (ν(0) = ∞); then EV’s from the
interval (−1/α, 0) accumulate at the point −1/α (at the point 0, respectively).
3. The Cauchy problem
3.1. Classical and generalized solutions. We start with the following defini-
tion.
Definition. Let S and T be closed operators in H. A function u(t) ∈ C2(R+,H)
is said to be a classical solution to the equation
(7) u¨(t) + Su˙(t) + Tu(t) = 0
if for any t > 0 we have u(t) ∈ D(T ), u˙(t) ∈ D(S), and equality (7) holds.
Fix a number k0 > sup
λ∈σ(L)
Reλ and consider the pencil
L˜(ξ) := L(ξ + k0) = ξ
2I + ξB˜ + C˜,
where B˜ := 2k0I + αA + B ≫ 0 and C˜ := L(k0) ≫ 0. It is easily seen that a
function u(t) is a classical solution to equation (4) iff the function v(t) := e−k0tu(t)
is a classical solution to the equation
(8) L˜( ddt )v(t) := v¨(t) + B˜v˙(t) + C˜v(t) = 0.
If in addition equalities (5) hold, then v(t) satisfies the initial conditions
(9) v(0) = ψ0, v˙(0) = −k0ψ0 + ψ1.
5Therefore, the instability index κ(L) of the pencil L(λ), i. e. the number of linearly indepen-
dent increasing solutions to equation (4), is not less than κ1(L). If λ = 0 is a singular critical
point ([La]), then κ(L) > κ1(L).
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Problem (8)–(9) now can be reduced to the first order system
V˙ (t) = T˜V (t),(10)
V (0) = ψ :=
(
ψ0
−k0ψ0 + ψ1
)
,(11)
in the space H×H, where
V (t) =
(
v1(t)
v2(t)
)
and T˜ =
(
0 I
−C˜ −B˜
)
.
Actually it is more natural to consider system (10)–(11) not in the space H ×H,
but in the so-called “energy” space H = H1/2×H, where the Hilbert space scale Hθ
is generated by the operator C˜ (namely, Hθ coincides with D(C˜
θ) and is equipped
with the norm ‖φ‖θ := ‖C˜
θφ‖, see for details [LM]). Then the operator T˜ is closed
and densely defined on the domain
D(T˜) =
{(
x1
x2
)
∈ H1/2 ×H1/2 | C˜x1 + B˜x2 ∈ H0
}
.
Now we define a solution to equation (10) to be any function V (t) ∈ C1(R+,H)
such that V (t) ∈ D(T˜) for all t > 0 and equality (10) is fulfilled.
It is easily seen that any classical solution v(t) to equation (8) generates the so-
lution V (t) :=
(
v(t), v˙(t)
)
to equation (10). On the contrary, if V (t) =
(
v1(t), v2(t)
)
is a solution to equation (10), then the function v1(t), which formally satisfies (8),
may not be a classical solution to (8). Therefore it is natural to call the function
v1(t) a generalized solution to equation (8).
3.2. Analyticity of the semigroup generated by the operator T˜. First
we will deal with generalized solution to problem (8)–(9). The solvability of cor-
responding system (10)–(11) depend essentially on the properties of the operator
T˜.
Theorem 6. The operator T˜ generates an analytic C0-semigroup of contractions
Ut in the space H.
Proof. According to [K], it suffices to prove that for some constant C > 0 and all
ξ ∈ C with Re ξ > 0 the inequality
(12) ‖
(
T˜− ξI
)−1
‖B(H) 6 C/|ξ|
holds. The straightforward calculations show that the relation(
T˜− ξI
)(f1
f2
)
=
(
g1
g2
)
implies
(13)
(
f1
f2
)
=
(
T˜− ξI
)−1(g1
g2
)
=
(
−L˜−1(ξ)(B˜ + ξI) −L˜−1(ξ)
L˜−1(ξ)C˜ −ξL˜−1(ξ)
)(
g1
g2
)
,
and henceforth (12) follows from inequalities (a)–(d) in Lemma 7 below. The
theorem is proved.
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Lemma 7 ([H2]). There exist positive constants cj , j = 1, 4 such that for all ξ ∈ C
with Re ξ > 0 the following inequalities are satisfied:
(a) ‖ξL˜−1(ξ)‖B(H0,H0) 6 c1/|ξ|;
(b) ‖L˜−1(ξ)‖B(H0,H1/2) 6 c2/|ξ|;
(c) ‖L˜−1(ξ)C˜‖B(H1/2,H0) 6 c3/|ξ|;
(d) ‖L˜−1(ξ)(B˜ + ξI)‖B(H1/2,H1/2) 6 c4/|ξ|.
3.3. Solvability of the Cauchy problem. Due to theorem 6 we can easily study
the generalized solutions to Cauchy problem (4)–(5). Let P denote the orthopro-
jector in H onto the first coordinate, i.e. P(x1, x2) = x1.
Theorem 8. For any initial data ψ0 ∈ H1/2, ψ1 ∈ H Cauchy problem (4)–(5) has
a unique generalized solution u(t) such that
(
u(t), u˙(t)
)
→
(
ψ0, ψ1
)
as t→ 0 in the norm of the space H. This solution equals
u(t) = ek0tPUtψ,
where ψ :=
(
ψ0,−k0ψ0 + ψ1
)
, and satisfies the inequality
‖u˙(t)‖2H +
(
C˜u(t), u(t)
)
6 ek0t
(
‖ψ1‖
2
H + (C˜ψ0, ψ0)
)
.
It is natural that in order to get a classical solution we should choose “smoother”
initial data. Indeed, let v(t) be a classical solution to problem (8)–(9) and v(0) =
ψ0 ∈ H1, v˙(0) = −k0ψ0 + ψ1 ∈ H1/2. Applying to (8) the Laplace transform and
integrating by parts, we get
0 =
∫ ∞
0
e−ξt
(
v¨(t) + B˜v˙(t) + C˜v(t)
)
dt =
= L˜(ξ)
∫ ∞
0
e−ξtv(t) dt−
(
(B˜ + ξI)ψ0 − k0ψ0 + ψ1
)
, Re ξ > 0
Applying now the inverse Laplace transform (see [V]) we arrive at the equality
(14) v(t) =
1
2pii
∫ σ0+i∞
σ0−i∞
eξtL˜−1(ξ)
[
(B˜ + ξI)ψ0 − k0ψ0 + ψ1
]
dξ, σ0 > ξ0.
Our aim is to prove that the function v(t) defined by (14) coincides with PUtψ and
is a classical solution to problem (8)–(9) (and hence the function u(t) := ek0tv(t) is
a classical solution to Cauchy problem (4)–(5)).
Theorem 9. Let ψ0 ∈ H1 and ψ1 ∈ H1/2; then the function u(t) := e
k0tPUtψ is a
classical solution to Cauchy problem (4)–(5).
Proof. First, the inequalities from Lemma 7 justify the possibility to apply the
inverse Laplace transform in the form (14), as well as inclusions v(t) ∈ D(C˜) = H1
and v˙(t) ∈ D(B˜). It remains to prove that the functions v(t) and PUtψ coincide.
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Notice that the holomorphic C0-semigroup Ut can be constructed via its gener-
ator T˜ ∈ A(0, ϕ) by means of the integral (see [K])
Utφ =
1
2pii
∫
γ
eξt(T˜− ξI)−1ψ dξ,
where the contour γ surrounds the sector S(0, ϕ) := {ξ ∈ C | | arg ξ − pi| 6 ϕ}
(which contains the spectrum σ(T˜) of the operator T˜), and the integral converges
strongly. Therefore, due to equality (13) we have
PUtψ =
1
2pii
∫
γ
eξtL˜−1(ξ)
[
(B˜ + ξI)ψ0 − k0ψ0 + ψ1
]
dξ,
which coincides with (14) as the integrand is an analytical function and hence the
contour γ can be transformed into the one from (14). The theorem is proved.
4. Application to problem (1)–(2)
If the operators A, B, and G are originated by system (1)–(2) and so are defined
by (6), we can essentially refine many of the above-listed results. Let g±(x) :=
1
2
(
|g(x)| ± g(x)
)
.
Lemma 10. (cf. Lemma 2) (a) If g−(x) ≡ 0, then all the nonreal EV’s of the
pencil L(λ) belong to the disc
D := {λ ∈ C | |λ+ 1/α| 6 1/α}.
(b) If g+(x) ≡ 0, then the nonreal spectrum of the pencil L(λ) lies outside of the
disc
D′ := {λ ∈ C | |λ+ 1/α| <
√
1− αb+/α},
where b+ := ess supβ(x).
According to Lemma 3, the number κ1(L) of (real) EV’s in the right half-plane
equals ν(T ), the total multiplicity of negative spectrum of the operator T := A +
G = d
4
dx4 +
d
dx(x)
d
dx with the domain D(T ) = {y ∈ W
4
2 (R+) | y(0) = y
′(0) = 0}.
Consider also the Schro¨dinger operator S := − d
2
dx2 − g(x) with the domain D(S) =
{y ∈ W 22 (R+) | y(0) = 0}, and by ν(S) denote the (possibly infinite) number of its
negative EV’s. The crucial role in estimating of ν(T ) plays the following statement.
Lemma 11 ([H1]). The following inequality holds:
ν(T ) 6 ν(S) 6 ν(T ) + 1.
Corollary 12. (a) Suppose that g(x) > 0 for all sufficiently large x and
sup
x>0
t
∫ ∞
t
g+(s) ds =∞
Then ν(T ) =∞, and λ = 0 is an accumulation point of real EV’s from both sides.
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(b) If max
x>a
x
∫∞
x g+(s) ds 6 1/4 for some a > 0, then ν(T ) <∞, and EV’s do not
accumulate at the point 0 from the right. In particular, we then have
ν(T ) 6
∫ ∞
0
xg+(x) dx.
Proof. Analogous statements for the Schro¨dinger operator S are well-known, see,
e.g., [B] and [RS].
What concerns accumulation of the real EV’s at the point λ = −1/α, we have
the following result.
Lemma 13. Suppose that g+(x) 6≡ 0; then λ = −1/α is an accumulation point of
real EV’s of the pencil L(λ) from the right. If b+ < 1/α, then this condition is a
necessary one for accumulation.
Finally, we can describe the properties of solution to problem (1)– (3) in terms
of initial data.
Theorem 14. Suppose that
ψ0(x) ∈ W
2
2,U (R+) := {y(x) ∈ W
2
2 (R+) | y(0) = y
′(0) = 0}
and ψ1(x) ∈ L2(R+). Then problem (1)–(3) has a unique generalized solution
u(x, t). If, in addition, ψ0(x) belongs to W
4
2 (R+), and ψ1(x) belongs to W
2
2,U (R),
then the solution u(x, t) is a classical one.
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